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As early as 1951 I. E. Segal wrote a book review of Laurent Schwartz’
Théorie des Distributions where he opined that this theory would have its
greatest significance in hyperbolic PDEs. He had not yet begun working in
PDEs himself but in the late 1950s and early 1960s, as part of his program
in quantum field theory, he started thinking about nonlinear hyperbolic
PDEs. Aside from the beginnings of the theory of shock waves, the subject
hardly existed in 1960. Of course, as part of his program the PDEs had to
be quantized but the first step for him was to understand the classical
equations themselves.
In 1961 Konrad Jörgens’ paper on nonlinear wave equations came out,
proving the global well-posedness of the equation
utt−Du+m2u=−|u|p−1 u(1)
in three dimensions with p < 5, using the explicit form of the Riemann
function for the wave equation. In his seminar at MIT in 1961–1962, Segal
outlined how the basic concept of energy conservation, which had appeared
as a side issue in Jörgens’ paper, could in fact be used as the central tech-
nique to solve the equation. He waited for some time until he found a
general formulation that really satisfied him. This led to two very impor-
tant papers in PDE.
In the first one [S2] he invented and developed the concept of a semi-
group of nonlinear operators, including the definitive formulation of the
concept of blow-up in finite time of a solution in a Banach space. It is
interesting that his thesis advisor was Einar Hille, of the celebrated
Hille–Yosida Theorem on semigroups of linear operators. Segal considered
an equation of the form dudt=A(t) u+K(t, u), where A(t) is linear and K is
nonlinear and locally Lipschitzian on a Banach space X. It is assumed that
the linear equation is solvable in X ; for instance, X could be Hilbert and A
could be an unbounded skew-adjoint operator. The key result is that each
solution either exists forever or exists until a blow-up time T when the
norm of the solution goes to infinity. While not extremely difficult to
prove, this fundamental theorem clarified the basic question of blow-up of
solutions of nonlinear evolution equations and has been heavily quoted in
countless papers since then. His paper went on to discuss the smoothness of
solutions, in the sense that at each time t, u(t) ¥ D(An), and that the tem-
poral derivatives exist until the blow-up time. Then most (though not all)
of Jörgens’s theorem became a corollary of these general ideas.
Nevertheless, the restriction p < 5 in three dimensions remained very
disconcerting. His other paper [S1] addressed this issue. He used energy
conservation together with weak compactness to construct global weak
solutions of nonlinear wave equations such as (1) with positive energy for
any power p. The point is that the equation can be approximated in such a
way that the nonlinear operator becomes globally Lipschitzian. His
approximation of Ku was r f K(r f u), where r is an approximate delta
function. Then energy conservation yields an a priori bound on the
approximate solutions in the Sobolev space H1. One can use the weak
limits together with the almost everywhere convergence coming from
compactness to deduce that the limit of the approximate solutions is a
weak solution of the PDE. The method is closely related to the paper of
Hopf on the weak solutions of the Navier–Stokes equations and to the
later work of Lions and many others. However, the uniqueness of these
weak solutions remains an open question to this day if p > 5.
A major goal that Segal pursued was to construct a scattering theory for
classical wave equations. Around 1960 he knew about the work of Kato,
Kuroda, and others on the scattering theory of the linear Schrödinger
equation and his goal was to get a theory of scattering applicable to non-
linear equations. Several of his students from that period, Brodsky,
Chadam, and myself, wrote theses in that direction. He himself succeeded
in constructing such a theory, in gradually increasing generality, for small
solutions of nonlinear wave equations [S3, S4, S6]. This theory asserts the
following. Consider a solution v− of the linear Klein–Gordon equation
vtt−Dv+m2v=0. Then there exists a unique solution of the nonlinear
equation (1) such that the energy norm of u−v− tends to zero as tQ −..
Furthermore, provided v− is sufficiently small in a certain sense, there
exists a unique solution v+ of the linear equation such that the energy norm
of u−v+ tends to zero as tQ+.. The scattering operator S is the mapping
either from v− to v+ or between their initial data. His technique used expli-
cit estimates of the Riemann function (the solution of the linear equation
with delta function data) in Lp spaces in order to convert the problem to a
question of estimating solutions of an integral inequality. The paper [S6] is
rather technical but it succeeded in solving the problem in many cases.
26 WALTER A. STRAUSS
There is a huge body of work by many others from that period and con-
tinuing to the present time that both generalizes and simplifies his method.
As a particular corollary of his paper [S6], he constructed global solu-
tions of the Cauchy problem provided the Cauchy data are sufficiently
small and smooth. This kind of theory is a very active area of research even
to this day. Later contributors, including Fritz John, Sergiu Klainerman,
Jalal Shatah, and many others, have been able to handle more difficult
nonlinear terms, including those with derivatives and even quasi-linear
equations.
In the earliest period of his foray into PDEs, Segal used Lp theory only
tangentially but a few years later he came around to a greater appreciation
of it. He had a suspicion that if there existed Lp estimates for linear wave
equations, they could perhaps prove useful to the nonlinear theory. His
suggestion led to the first of Robert Strichartz’ papers on the subject. Then
in 1976 he wrote a seminal paper [S7] proving Lp estimates simultaneously
in time and space for the one-dimensional case utt−uxx+u=0. The esti-
mate is L6(R×R) in terms of the Lorentz invariant norm of the initial
data. The method is by Fourier transformation following some ideas that
Carleson, Sjölin, and Hörmander used for the one-dimensional Schrödinger
equation. He then suggested the possibility of generalizing such estimates
to higher dimensions. His suggestion led to the famous Strichartz paper of
1977 that succeeded in handling the higher dimensions by making use of
interpolation and duality techniques. True to form, these estimates have
turned out to be much more central to the theory of nonlinear waves than
anyone originally suspected. They have two important consequences: (i) a
bit of increase in regularity of the solution over the initial data and (ii) a bit
of asymptotic decay in time. These bits of regularity and decay have had an
enormous impact on the theory of nonlinear wave equations.
As early as the 1960s Segal made the daring suggestion that the scatter-
ing operator S might map the whole space E of the finite-energy solutions
onto itself, without the smallness or smoothness assumptions, at least in
certain cases such as that of three dimensions with p=3. The smallness
assumption was indeed removed in the zero mass case and later in the
positive mass case by Morawetz and Strauss. It took many intermediate
steps and the work of many mathematicians to remove the smoothness
assumption. By the mid-1980s it turned out that Segal’s original wild
conjectures about scattering theory were in fact true. The final steps were
due to Brenner, Ginibre, Velo, and Nakanishi. And it turned out that those
same Lp estimates of Strichartz were crucial to their resolution.
In 1979 he wrote the first paper [S8] that solved the Cauchy problem,
locally in time, for the (hyperbolic) Yang–Mills equations. That is, for
any smooth initial data, there exist a time T > 0 and a solution in the time
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interval [0, T]. This paper was the first step in the resolution a few years
later of the global problem by Eardley and Moncrief.
Segal revisited the scattering problem again in a 1990 paper with Baez
and Zhou [S9] for the zero mass case. By that time the zero mass case had
enjoyed a significant revival in mathematical physics circles. That case has
the advantage of being conformally invariant, that is, invariant not only
under the Poincaré group but also under space–time dilations and Lorentz
inversions. The Goursat problem, with data on a characteristic cone, has a
particularly natural formulation if the mass is zero. The authors of [S9]
obtained the scattering operator S on the whole space of finite ‘‘Einstein
energy.’’ They made use of the conformal compactification onto the
Einstein universe, which had interested Segal for some time and had first
been used for nonlinear wave equations by Christodoulou.
He also wrote a large number of expository papers having to do with the
quantization of the scattering operator. In preparation for this procedure,
he regarded the space of solutions of a nonlinear wave equation as a mani-
fold invariant under the Poincaré group and furnished with a symplectic
form. See for instance his ICM lecture [S5]. Invariance under a group
action was always at the forefront of Segal’s thinking.
He was always centrally interested in what he called ‘‘fundamental
physics,’’ which for him mainly included quantum theory, quantum field
theory, and cosmology. To him nonlinear wave equations were a key
ingredient in the mathematical construction of such physical theories. His
ideas have played a crucial role in the development of the fundamental
theory of nonlinear waves.
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